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Abstract
We consider an orientation-preserving embedding of a 2-dimensional disk to itself having finitely
many fixed points. Some results are obtained which are concerned with the relationship between the
fixed point index and the braid invariant of fixed points. These results are applied to obtain sufficient
conditions which guarantee a collection of fixed points to contain an unstable one.  2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Let f :D→D be an orientation-preserving topological embedding of a 2-dimensional
disk D, and Fix(f ) the set of fixed points of f . Assume that Fix(f ) consists of finitely
many points all of which are contained in the interior of D. It is well known that the sum
of fixed point indices over all fixed points is equal to one, the Euler characteristic of the
disk D (cf. [5,10]). We will show that further information on the fixed point index can be
obtained if the “braiding” among fixed points is taken into consideration.
Given such an embedding f :D→D, one can choose an isotopy {ft } of D deforming
the identity map to f . Then, the images of the fixed points under ft move on D and return
to the initial positions while t varies from 0 to 1. Since D is 2-dimensional, this motion
defines a braid for any collection of fixed points. The braid defined in this way provides
one of the topological characterizations of fixed points (see [3] for a survey). The results in
this paper are concerned with the relationship between the fixed point index and the braid
invariant for fixed points.
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A new ingredient in our study is an equivalence relation on the fixed point set Fix(f )
defined by using the notion of the braid invariant: Two fixed points are equivalent if the
strings corresponding to them have the same linking behavior toward the other strings.
This relation decomposes the fixed point set into subsets whose braid invariants are trivial
in a certain sense, and therefore the study of the topological structure of the fixed point set
is divided into two parts; the study of the property of each equivalence class and that of
how these equivalence classes are combined together topologically. This paper considers
the former one of these two problems.
The main results will be stated in Sections 4 and 5. It is proved that the fixed point index
of each equivalence class is determined uniquely by the braid of Fix(f ). Moreover, it is
shown that every equivalence class has fixed point index less than or equal to one. This
result, together with the result of Dancer and Ortega [6] asserting that an isolated stable
fixed point of a 2-dimensional embedding has index one, implies that any equivalence class
having at least two points must contain an unstable fixed point. Also, when an equivalence
class consists of a single point x0, a sufficient condition on its linking behavior is given
under which x0 has index less than one and consequently it is unstable. Finally, we shall
estimate the number of equivalence classes having an unstable fixed point.
2. Braids of fixed points
We first recall the notion of a braid. For general references, see [2,9]. Let n be a positive
integer. We call a subset G of the product R2 × [0,1] of the plane with the unit interval a
geometric n-braid if the following conditions hold:
(i) G is a union of mutually disjoint n arcs.
(ii) Each arc joins a point (x,0) ∈ S × {0} to (τ (x),1) ∈ S × {1}, where S is a set of n
distinct points on the plane R2 and τ is a permutation defined on S.
(iii) Each arc intersects every plane R2 × {t}, 0 t  1, exactly once.
We call these arcs the strings in G. If it is necessary to designate the set S, we call G a
geometric braid based at S.
We have two equivalence relations on geometric braids: First, consider the case where
two geometric braids are based at the same set S. Such geometric braids are said to be
isotopic if one can be continuously deformed to the other through geometric braids all of
which are based at S. An equivalence class under this isotopy relation is called an n-braid
based at S. The set of n-braids based at S forms a group called the braid group with n
strings, and is denoted by Bn.
Secondly, consider the general case where two geometric n-braids may be based at
different sets. Such geometric braids are said to be freely isotopic if one can be continuously
deformed to the other through geometric n-braids.
In this paper, we shall only be concerned with pure braids: A geometric braid G is said
to be pure if the permutation τ on S is the identity permutation. A braid is said to be
pure if it is represented by a pure geometric braid. The set of pure n-braids based at a
given set S is a subgroup of Bn called the pure braid group with n strings. Let Fn denote
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the configuration space (R2)n−∆, where ∆ is the generalized diagonal of (R2)n, namely,
Fn = {(x1, . . . , xn) ∈ (R2)n | xi = xj if i = j } (see [2, p. 5], [9, p. 91]). Let ξ = (x1, . . . , xn)
be a point in Fn. Then a loop l in Fn based at ξ determines a pure geometric braid Gl which
is defined as the union of the n strings {(xi(t), t) | 0 t  1}, where xi(t) is continuous in
t and l(t)= (x1(t), . . . , xn(t)). This correspondence induces an isomorphism between the
fundamental group of Fn and the pure braid group with n strings. Furthermore, two pure
geometric n-braids are freely isotopic if and only if their corresponding loops in Fn are
freely homotopic.
If we denote by ρt :R2 →R2 the rotation of the plane with angle 2πt , then for any point
(x1, . . . , xn) ∈ Fn, the loop (ρt (x1), . . . , ρt (xn)) in Fn determines an n-braid. This braid is
called a full-twist n-braid.
Now, let f :D → D be a topological embedding of a 2-dimensional disk D to itself
(i.e., a homeomorphism from D onto its image f (D)) which is orientation-preserving. Let
Fix(f ) be the set of fixed points of f .
We shall define the notion of the braid for a finite set of fixed points as follows: Consider
the disk D as the unit disk in R2 centered at the origin, and let ι denote the natural inclusion
of D into R2. It is possible to choose an isotopy {ft } :D → R2 with f0 = ι, f1 = ι ◦ f .
In the case where f is a homeomorphism that fixes the boundary ∂D pointwise, this
fact is well known; the desired isotopy is given by the Alexander’s trick (see, e.g., [2,
Lemma 4.4.1] or [9, Chapter I, Lemma 5.6]). In the general case, it is easy to extend f
to a homeomorphism f ′ of a larger disk D′ which is the identity on the boundary of D′.
Then the Alexander’s trick can be applied to f ′ and we obtain an isotopy f ′t :D′ → R2
connecting ι′ to ι′ ◦ f ′, where ι′ is the natural inclusion of D′ into R2. The restriction of f ′t
to D gives the desired isotopy.
For a fixed point x of f , let
str(x)= {(ft (x), t) | 0 t  1}.
This is a simple arc in R2 ×[0,1] connecting two points (x,0) and (x,1), and is called the
string corresponding to x .
Definition 1. Let S be a set of finitely many fixed points of f . Since the strings
corresponding to the points in S are mutually disjoint, the union ⋃x∈S str(x) of these
strings becomes a pure geometric braid denoted by gb(S,f ; {ft }). It represents a pure
braid denoted by b(S,f ; {ft }). We call these the geometric braid of S and the braid of S,
respectively. The notation gb(S,f ; {ft }) will be abbreviated to gb(S,f ), gb(S, {ft }), or
gb(S) if f , ft are clear from the context. The notation b(S,f ; {ft}) will be abbreviated
similarly.
Remark 1. It is obvious that the geometric braid of S depends on the choice of an
isotopy {ft }. Moreover, the braid of S also depends on an isotopy. However, it is uniquely
determined up to composition with a power of a full-twist braid. This follows easily from
the fact that, for any isotopy ht from id to id, the braid determined by ht (S) belongs to the
center of the braid group and hence is a power of a full-twist braid (cf. [2, Lemma 4.2.1]).
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3. An equivalence relation on fixed points
Henceforth throughout this paper, we shall assume that Fix(f ) consists of finitely many
points all of which are contained in the interior IntD of D unless otherwise noted. In
this section, we shall show that the fixed point set can be decomposed into subsets having
simple braid invariants.
Definition 2. Let G be a geometric braid. A union B of strings in G is a block in G if
there is a subset T of R2 × [0,1] such that
(i) T is the image of an embedding Λ :D × [0,1]→ R2 × [0,1] defined on the solid
cylinderD×[0,1]which is level-preserving, i.e., Λ(y, t) ∈R2×{t} for each y ∈D
and t ∈ [0,1].
(ii) If we denote by Tt the t-slice of T , i.e., the set {x ∈ R2 | (x, t) ∈ T }, then we
have T0 = T1.
(iii) B =G∩ T .
We call T an isolating tube for B with respect to G.
It is trivial thatG itself is a block inG, and also each string is a block in G. The following
gives an example of non-trivial blocks.
Example 1. Consider the geometric braid G consisting of three strings si , i = 1,2,3, as
in Fig. 1. Let B be the union of s1 and s2, and T the solid tube drawn in this figure. Then
T is an isolating tube for B and so B is a block in G.
Definition 3. A subset S of Fix(f ) is called a block if the geometric braid gb(S) is a block
in gb(Fix(f )).
Fig. 1.
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Note that this definition makes sense, since changing the isotopy {ft } results merely in
a multiplication by a full-twist braid, and hence being a block is independent of the choice
of the isotopy.
Remark 2. The definition of a block is essentially due to [1,8]. However, the present
definition is slightly generalized to allow the strings of B not necessarily to be consecutive.
Definition 4. Two fixed points of f are said to be equivalent if they form a block.
The choice of the term “equivalent” in this definition is reasonable as the following
proposition shows:
Proposition 1. The above relation on the fixed point set is an equivalence relation.
This equivalence relation is useful to the study of the topological structure of the fixed
point set. In fact, the following proposition shows that every equivalence class has a simple
braid invariant, and therefore the problem of understanding the topological structure of
Fix(f ) is reduced to that of understanding the property of each equivalence class and how
the equivalence classes are combined together topologically.
Proposition 2. The braid b(E) of any equivalence class E is equal to a power of a full-
twist braid.
Proofs of these two propositions will be given in Section 8.
4. Fixed point index of an equivalence class
Here, we shall state two results on the fixed point index of an equivalence class. For a
set A of fixed points of f , let ind(A,f ) denote the fixed point index of A (cf. [5,10]).
Theorem 1. Any equivalence class E has fixed point index ind(E) 1.
The next theorem asserts that the fixed point index of every equivalence class is
determined by only the braid of the whole fixed point set. Consider two orientation-
preserving embeddings f,g :D→D having finitely many fixed points. Assume that they
have the same number, say n, of fixed points and the geometric braids of Fix(f ) and Fix(g)
are freely isotopic via an isotopy Gλ (0 λ 1) of geometric n-braids.
We shall show that the isotopy Gλ defines a bijective map ψ : Fix(f )→ Fix(g) which
induces a bijective correspondence between the set of equivalence classes in Fix(f ) and
that in Fix(g). Let Σλ be the set of base points of Gλ. Then Σ0 = Fix(f ),Σ1 = Fix(g).
Let x1, . . . , xn be the fixed points of f . Then Σλ is written as Σλ = {x1(λ), . . . , xn(λ)},
where xi(0) = xi and xi(λ) is continuous in λ for each i = 1, . . . , n. The bijective map
ψ : Fix(f )→ Fix(g) is defined by ψ(xi)= xi(1). Let sλi be the string in Gλ which starts
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from the ith base point (xi(λ),0). It is easy to see that there is an isotopyQλ :R2×[0,1]→
R
2 × [0,1] of level-preserving homeomorphisms such that Q0 = id and Qλ maps each
string s0i in G0 onto the string s
λ
i in Gλ. Let q
λ
t :R
2 →R2 be the homeomorphism on the
t-slice defined by Qλ(x, t) = (qλt (x), t). We can assume that qλ0 = qλ1 . Then, if a subset
S of Fix(f ) is a block with an isolating tube T for gb(S,f ), then it is clear that Q1(T )
is an isolating tube for Q1(gb(S,f )). Hence Q1(gb(S,f )) is a block in gb(Fix(g), g).
Since qλ0 (xi) = xi(λ), we have q10 = ψ on Fix(f ) and so Q1(gb(S,f )) = gb(ψ(S), g).
Therefore ψ(S) is a block in Fix(g). This clearly implies that ψ maps each equivalence
class onto an equivalence class.
Theorem 2. Let f,g :D→D be orientation-preserving embeddings having finitely many
fixed points all of which are contained in IntD. Assume that they have the same number of
fixed points, and moreover gb(Fix(f )) and gb(Fix(g)) are freely isotopic. Let E1, . . . ,Er
and E′1, . . . ,E′r be the equivalence classes of Fix(f ) and Fix(g) which are ordered so
that Ei corresponds to E′i for each i with respect to some isotopy of geometric braids
connecting gb(Fix(f )) to gb(Fix(g)). Then, we have ind(Ei, f )= ind(E′i , g) for each i .
This theorem gives a way to compute the fixed point indices of equivalence classes for
a given embedding f . Suppose that we have found another embedding g which satisfies
that the geometric braid of Fix(g) is freely isotopic to that of Fix(f ) and the fixed point
indices of the fixed points can be computed easily. Then, by the above invariance theorem,
one can obtain the fixed point index for each equivalence class of f .
Example 2. Let f has three fixed points whose braid is the one depicted in Fig. 1. For
i = 1,2,3, let xi be the fixed point corresponding to the ith string si . Then, there are two
equivalence classes of fixed points, {x1, x2} and {x3}. It is easy to find an embedding g
with the same fixed point set as f such that gb(Fix(g)) = gb(Fix(f )) and that x2 is a
sink and x1, x3 are degenerate fixed points obtained by collapsing a pair of a sink and
a saddle into one point. Since gb(Fix(g)) = gb(Fix(f )), it is clear that {x1, x2} and {x3}
are the equivalence classes also for g and they correspond to themselves with respect to
the constant isotopy of geometric braids. Since x1, x2, x3 have indices 0,1,0, respectively,
with respect to g, we have by Theorem 2 that the equivalence classes {x1, x2} and {x3}
have fixed point indices one and zero respectively with respect to the given map f .
5. Results on the existence of unstable fixed points
In this section, we shall state some results on the existence of unstable fixed points. First,
we recall the definition of a stable fixed point.
Definition 5. A fixed point x of f is stable (or Lyapunov stable) if for any open
neighborhood V of x , there is an open neighborhood W of x contained in V such that
fm(W)⊂ V for any positive integer m.
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Dancer and Ortega [6] have proved that any isolated stable fixed point of a 2-dimensional
orientation-preserving embedding has fixed point index one. Therefore Theorem 1
immediately implies the following:
Theorem 3. Any equivalence class E having at least two points contains an unstable fixed
point.
In the case of E having only one point, the following proposition provides a partial
answer:
Proposition 3. Let x0 be a fixed point of f which is a unique point in its equivalence class.
Assume there is a block S containing x0 such that S − {x0} is also a block. Then x0 has
fixed point index less than one. In particular, x0 is unstable.
Theorem 3 and Proposition 3 would suggest that the number of equivalence classes
having an unstable point is not small. In fact, the following theorem holds:
Theorem 4. Suppose that there are at least two equivalence classes. Let ε be the number
of equivalence classes, and εu the number of equivalence classes containing an unstable
fixed point. Then εu  12ε+ 1.
6. The canonical form of an embedding
The results of this paper are derived as applications of the Nielsen–Thurston classifica-
tion theory of surface homeomorphisms. Let M be a compact surface. A homeomorphism
φ :M →M is said to be of finite order if some of its iterates is equal to the identity map.
The map φ is said to be pseudo-Anosov, if the following conditions hold:
(a) There exists a pair of transverse foliations Fu, F s on M , carrying measures which
are uniformly expanded and contracted by φ, respectively.
(b) Each foliation has a finite number of singularities which coincide in the interior
IntM and alternate on the boundary ∂M . Any singularity is p-pronged for some
positive integer p 3.
(c) Any singularity on ∂M is 3-pronged. (We consider segments of the boundary to be
prongs.)
φ is said to be reducible if there exists a finite collection S of disjoint simple
closed curves (called reducing curves) in M such that φ maps S to S and each
connected component of the complement of the union of reducing curves has negative
Euler characteristic. The Nielsen–Thurston classification theory [7,13] states that every
homeomorphism f :M → M is isotopic to a homeomorphism φ :M → M which is
of finite order, pseudo-Anosov, or reducible. Moreover, in the reducible case, φ is
decomposed into finite order and pseudo-Anosov components. More precisely, such φ can
be chosen to have a collection of invariant annuli (called reducing annuli), one around each
reducing curve, such that on each connected componentN of the complement of the union
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A of reducing annuli, φ is either of finite order or pseudo-Anosov. This homeomorphism
φ is called a canonical homeomorphism in the isotopy class of f . A connected component
N of M − A is called a finite-order component or a pseudo-Anosov component if φ is
finite order or pseudo-Anosov, respectively.
Assume f :D→D is an orientation-preserving topological embedding having finitely
many fixed points all of which are contained in IntD. Let M be the compact surface
obtained from the punctured disk D − Fix(f ) by attaching a boundary circle at each
point of Fix(f ). Let π :M → D be the projection. We shall identify D − Fix(f ) with
M − π−1(Fix(f )). In particular, ∂D is considered as one of the boundary circles of M .
This is called the outer boundary circle of M , and any other boundary circle is called an
inner boundary circle of M .
If f is smooth, we can define its blow-upF :M →M (cf. [3, Section 1.6]). To define the
blow-up in the general case, we need to perturb f to be smooth. For x ∈ Fix(f ), let Vx be a
sufficiently small open disk in D centered at x , and let V be the union of all Vx , x ∈ Fix(f ).
Choose an embedding f ′ :D→D which is isotopic to f relative to Fix(f ) and is smooth
with non-singular differential at every point of Fix(f ). Let F :M →M be the blow-up
of f ′ at Fix(f ). We can assume f ′ = f on D − V . Then, since Fix(f ) is contained in V ,
f ′ has no fixed points on D − V and hence F has no fixed points on M − π−1(V ).
Clearly F is isotopic to an orientation-preserving homeomorphism of M . Therefore,
there exists a canonical homeomorphism φ :M → M isotopic to F . We call this
homeomorphism φ a canonical form corresponding to f . Since the isotopy class defined
by F does not depend on the choice of the perturbation f ′, φ is determined uniquely
up to isotopy. Choose an isotopy H = {ht } :M →M from F to φ. Each inner boundary
circle of M is preserved by φ, since it corresponds to a fixed point of f . Therefore, every
componentN of φ is invariant under φ. Thus φ is equal to the identity map on every finite-
order component. Such a component is called an id-component. Thus any component of φ
is either a pseudo-Anosov component or an id-component.
7. Nielsen-fixed point theory
We need some definitions and facts about the Nielsen fixed point theory [5,10]. Suppose
f :X→X is a continuous map on a compact topological space X. Fixed points x, y of f
are said to be f -Nielsen equivalent if there is a path l in X from x to y such that l and its
image f ◦ l are homotopic fixing end points. An equivalence class of fixed points under
this relation is called an f -Nielsen class. A Nielsen class is essential if it has nonzero fixed
point index. Two invariant sets K0 and K1 of f are f -related if there is a path l such
that l(0) ∈ K0, l(1) ∈K1, and l and f ◦ l are homotopic via a homotopy lt of paths with
lt (0) ∈K0, lt (1) ∈K1 for any t . Note that in this definition, K0, K1 may not be connected.
Suppose g :X → X is a continuous map homotopic to f and H = {ht } :X→ X is a
homotopy from f to g. Then a fixed point x of f and a fixed point y of g are H -related
if there is a path l from x to y such that l and the path ht (l(t)) are homotopic fixing end
points. Suppose Φ is an f -Nielsen class. We say Φ and a fixed point y of g are H -related
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if some fixed point (equivalently all fixed points) of f in Φ and y are H -related. Let Φ ′
be the set of fixed points y of g such that Φ and y are H -related. It is known that Φ ′ has
the same fixed point index as Φ [5,10]. Moreover, it is easy to see that Φ ′ is a g-Nielsen
class unless it is empty. Especially, if Φ is essential, then Φ ′ is not empty and hence is a
g-Nielsen class. In this case, we say that Φ and Φ ′ are H -related.
8. Proofs of results
Lemma 1. Let f :D → D be an orientation-preserving embedding. Let S be a set of
finitely many fixed points of f contained in IntD, and S0 a subset of S. Then gb(S0) is
a block in gb(S) if and only if there is a simple closed curve C in D − S such that S0 is
equal to the set of all fixed points inside of C and that C is homotopic to its image f (C)
in D − S.
Proof. Suppose that gb(S0) is a block in gb(S). Let T be an isolating tube for gb(S0) with
respect to gb(S). Let T be defined by an isotopy Λ :D × [0,1]→R2 × [0,1], and define
an isotopy λt :D → R2 by Λ(y, t) = (λt (y), t). Then the t-slice Tt coincides with the
image λt (D). Choose a disk D̂ whose interior contains
⋃
0t1(ft (D) ∪ λt (D)). Then ft
and λt can be regarded as isotopies from D into D̂. Choose an extension fˆt : D̂ → D̂
of the isotopy ft :D → D̂ so that fˆ0 = id and fˆt is a homeomorphism fixing every
point on the boundary ∂D̂ for each t . Let fˆ = fˆ1. Choose a disk D0 with D0 ⊂ IntD
and S ⊂ IntD0. Let rt : D̂ → D̂ be an isotopy of embeddings with r0 = id, r1(D̂) = D,
rt (D)⊂D, and rt = id onD0. Identify ∂D with the unit circle S1. Define three homotopies
αit :S
1 →D, i = 1,2,3, by
α1t = r1 ◦ fˆ ◦
(
fˆ1−t
)−1 ◦ λ1−t , α2t = r1 ◦ fˆ ◦ rt ◦ λ0,
α3t = r1−t ◦ f ◦ r1 ◦ λ0.
We can assume that Λ(∂D × [0,1]) is disjoint from gb(S). Then λt (S1)⊂ D̂ − ft (S).
Also, note that, since fˆt (S)= ft (S), we have (fˆ ◦ (fˆt )−1)(D̂−ft (S))= D̂−S. Therefore,
since r1 maps D̂ − S to D − S, the image of α1t is in D − S. Since λ0(S1)⊂ D̂ − S and
r1−t ◦ f maps D − S to itself, the images of α2t and α3t are also contained in D − S.
Moreover, since α11 = α20 and α21 = α30 , we can make the product αt :S1 →D− S of these
three homotopies which connects α10 = r1 ◦ λ1 and α31 = f ◦ r1 ◦ λ0. Let C be the image
of α10 . Then, since λ0(S
1)= λ1(S1), the image of α31 is equal to f (C), and so αt gives a
homotopy of closed curves in D − S from C to f (C). It is clear that C encircles only S0,
since rt (λ0(S1))⊂ D̂ − S for any t .
Conversely, let C be a simple closed curve which is homotopic to its image f (C)
in D − S, and assume that S0 is the set of fixed points inside of C. Let γ :S1 →D − S be
an embedding with image C. Let ε be a sufficiently small positive number. We can assume
that ft = f on C ∪S for every t ∈ [1−ε,1]. Choose a homotopy γt :S1 →D−S (1−ε 
t  1) with γ1−ε = f ◦γ , γ1 = γ . Define a homotopyµt :S1 →R2 −ft (S) by µt = ft ◦γ
for t ∈ [0,1− ε] and µt = ι ◦ γt for t ∈ [1− ε,1]. Extend µt to an isotopy from D to R2.
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Then, this defines an isolating tube for gb(S0) with respect to gb(S). Therefore the lemma
is proved. ✷
We call the simple closed curve C in this lemma an isolating closed curve for S0 with
respect to S.
Let φ :M →M be a canonical form corresponding to f . We can assume without loss
of generality that φ is twisted on every reducing annulus A in the sense that if φ is equal
to the identity on ∂A, then φ :A→ A is not isotopic to id through an isotopy fixing ∂A
pointwise. In fact, if this does not hold for a reducing annulus A, then we can glue the
boundaries of A together eliminating A. For a fixed point x of f , let γx = π−1(x). This is
an inner boundary circle of M .
Lemma 2. Suppose x, y are distinct fixed points of f . Then a necessary and sufficient
condition for x and y to be equivalent is that γx and γy are contained in the same
id-component of φ.
Proof. Suppose x, y are equivalent fixed points. Then it follows from Lemma 1 that there
is an isolating closed curve C for {x, y} with respect to Fix(f ). This implies that there
is a simple closed curve C′ in M with φ(C′)= C′ such that γx and γy are the only inner
boundary circles ofM inside ofC′. LetN ′ be the closure of the inner connected component
of M − C′. Then N ′ is an invariant set of φ which is a twice-punctured disk. Since there
are no pseudo-Anosov homeomorphisms on a twice-punctured disk, φ is equal to id on N ′.
Hence γx, γy are contained in the same id-component of φ. The converse assertion follows
easily from Lemma 1. ✷
Proof of Proposition 1. The relation is clearly reflexive and symmetric. We shall prove
the transitivity. Let x, y, z be distinct fixed points such that x, y are equivalent and so are
y, z. Then by Lemma 2, γx and γz are contained in the same id-component, and hence x
and z are equivalent. Thus the transitivity is proved. ✷
Proof of Proposition 2. The case of E consisting of a single point is trivial, since b(E) has
only one string. Consider the case of E having at least two points. Let φ¯ :D→D be the
homeomorphism obtained from φ by blow-down. We can choose an isotopy φ¯t :D →D
connecting id to φ¯ so that φ¯t (Fix(φ¯))= ft (Fix(f )). Then, clearly, gb(S,f )= gb(S, φ¯) for
any subset S of Fix(f ). In particular, gb(E,f ) is equal to gb(E, φ¯), which is isotopic to a
multiple of a full-twist braid, since π−1(E) is contained in an id-component by Lemma 2.
Hence Proposition 2 is proved. ✷
For an inner boundary circle γ of M , let Wγ = π−1(Vx), where x is a fixed point of f
with π−1(x)= γ . Thus Wγ = π−1(Vx − {x}) ∪ γ . Note that any fixed point of F in Wγ
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is F -related to γ , since Wγ is a sufficiently thin neighborhood of γ . For a φ-Nielsen class
Φ , let WΦ be the union of all Wγ with γ ∩Φ = ∅.
Lemma 3. Let x ∈ Fix(F )∩Wγ .
(1) Suppose γ ′ is a boundary circle of M and x is F -related to a fixed point in Wγ ′ .
Then φ has a fixed point in γ and a fixed point in γ ′ which are φ-Nielsen equivalent.
Moreover, we have γ = γ ′ under the additional assumption that γ is contained in a
pseudo-Anosov component.
(2) Suppose x is H -related to a fixed point y of φ. Then y is φ-Nielsen equivalent to a
fixed point in γ . Moreover, we have y ∈ γ under the additional assumption that y
or γ is contained in a pseudo-Anosov component.
Proof. (1) It follows from the hypothesis that γ and γ ′ are F -related. This implies that
they are also φ-related, since the isotopy ht preserves each boundary circle. Therefore,
by Lemma 3.4 in [11], there must exist fixed points in γ and in γ ′ which are φ-Nielsen
equivalent. If γ is contained in a pseudo-Anosov component, then by Lemma 3.6 in [11]
on the description of φ-Nielsen classes (or by Lemma 1.4 in [4]), γ and γ ′ must coincide.
(2) Since x is H -related to y and is also F -related to γ , we have by Lemma 1 in [12]
that y is φ-related to γ . Therefore it follows from Lemma 3.4 in [11] that φ has a fixed
point in γ which is φ-Nielsen equivalent to y . If y or γ is contained in a pseudo-Anosov
component, then by Lemma 3.6 in [11] (or by Lemma 1.4 in [4]) y /∈ γ is impossible. ✷
Lemma 4. Let Φ be a φ-Nielsen class. Then, ind(WΦ,F )= ind(Φ,φ).
Proof. Let W = π−1(V ). It follows easily from Lemma 3.6 in [11] that every φ-Nielsen
class is essential. Hence there is a unique F -Nielsen class Φ ′ which is H -related to Φ . Let
x be a point in Φ ′. Then x is H -related to a point y ∈Φ .
Since F has no fixed points on M −W , x must be contained in Wγ0 for some boundary
circle γ0. It follows from Lemma 3(2) that y is φ-Nielsen equivalent to a fixed point in γ0.
Hence Φ has non-empty intersection with γ0. This implies that Wγ0 ⊂WΦ , and therefore
x ∈WΦ and so Φ ′ ⊂ Fix(F )∩WΦ .
We claim that if (Fix(F ) ∩ WΦ) − Φ ′ is not empty, then it is a union of inessential
F -Nielsen classes. Suppose x is a fixed point of F in WΦ and x ′ is a fixed point of F which
is F -Nielsen equivalent to x . Then x and x ′ are contained in Wγ and Wγ ′ for some γ and
γ ′, respectively, and γ ∩Φ = ∅. Then by Lemma 3(1), there exist fixed points in γ and γ ′
which are φ-Nielsen equivalent. Hence Φ has non-empty intersection with γ ′, and so x ′ is
in WΦ . This implies that (Fix(F )∩WΦ)−Φ ′ is a union of F -Nielsen classes. Suppose one
of these classes were essential. Choose a point x in this class. Then x is H -related to a fixed
point y of φ, and x ∈Wγ for some γ having non-empty intersection with Φ . Therefore,
by Lemma 3(2), y is φ-Nielsen equivalent to a fixed point in γ . This implies that y is in Φ
and hence x ∈Φ ′. Thus we get a contradiction and the claim is verified. This claim clearly
implies that ind(WΦ,F )= ind(Fix(F )∩WΦ,F)= ind(Φ ′,F )= ind(Φ,φ). ✷
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Proof of Theorem 1. Suppose E is an equivalence class. Let VE be the union of all Vx
with x ∈ E, and let WE = π−1(VE). We can take an isotopy f ′t :D → D with f ′0 = f ,
f ′1 = f ′ so as to satisfy f ′t = f on D−V for any t . Then f ′t has no fixed points on D−V .
Therefore by the homotopy invariance of the fixed point index, ind(VE,f )= ind(VE,f ′),
and hence
ind(E,f )= ind(VE,f ′)= ind(WE,F )+ :E. (1)
Therefore it is enough to show that ind(WE,F ) 1 − :E. It follows from Lemma 2 that
all the boundary circles γx with x ∈ E are contained in one component of φ. We denote
this component by NE .
Consider the case where NE is an id-component. Let m  2 denote the number of
inner boundary circles of NE . Let ΦE be the φ-Nielsen class containing NE . Since φ is
orientation-preserving, Lemma 3.6 in [11] implies that ΦE is equal to NE or to the union of
NE with finitely many points on boundary circles of pseudo-Anosov components adjacent
to NE . Therefore, since any fixed point of a pseudo-Anosov homeomorphism lying on
the boundary has fixed point index 0 or −1, ind(ΦE,φ) is less than or equal to the Euler
characteristic of NE , which is equal to 1 − m. If γ is an inner boundary circle of M
which has non-empty intersection with ΦE , then γ is contained in the boundary of NE .
Since ∂NE ∩ (∂M − ∂D) = π−1(E), γ is contained in π−1(E). Therefore, Wγ ⊂ WE
and hence WΦE ⊂WE . Also, the converse inclusion holds, since π−1(E)⊂NE ⊂ΦE and
hence Wγ ⊂WΦE for any γ contained in π−1(E). Therefore we have WΦE =WE , and by
Lemma 4,
ind(WE,F )= ind(WΦE ,F )= ind(ΦE,φ) 1−m. (2)
Since m :E, we have the desired inequality.
Now consider the case where NE is a pseudo-Anosov component. Then it follows easily
from Lemma 2 that E consists of a single point, say x0. Let γ0 = γx0 . Since WE =Wγ0 and
:E = 1, it suffices to show that ind(Wγ0,F ) 0. Lemma 3(1) implies that any fixed point
of F which is F -related to a fixed point in Wγ0 is also in Wγ0 , because γ0 is contained
in the pseudo-Anosov component NE . Therefore Fix(F ) ∩Wγ0 is empty or equal to an
F -Nielsen class. Let ΦE = γ0 ∩ Fix(φ). Suppose ΦE is empty. If ind(Wγ0,F ) is not zero,
then Fix(F ) ∩Wγ0 is an essential F -Nielsen class, and hence it is H -related to a fixed
point y of φ. By Lemma 3(2), y ∈ γ0. This contradicts with that ΦE is empty, and hence
we have ind(Wγ0,F )= 0.
Suppose ΦE is not empty. Then it is a φ-Nielsen class (cf. [11]). Also, WΦE =Wγ0 .
Therefore by Lemma 4,
ind(Wγ0,F )= ind(ΦE,φ) < 0. (3)
Therefore the theorem is proved. ✷
Proof of Theorem 2. Given an embedding η :D → D, let η¯ :Fn → Fn denote the map
defined by η¯(x1, . . . , xn)= (η(x1), . . . , η(xn)). Recall that the set Σλ of base points of Gλ
is written as Σλ = {x1(λ), . . . , xn(λ)}, where xi(0)= xi and xi(λ) is continuous in λ, and
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qλ0 :R
2 →R2 is an isotopy with q00 = id, qλ0 (xi)= xi(λ). We can assume that q10 (D)=D.
Let ψλ :D→ R2 be the restriction of qλ0 to D. Then ψ0 = ι, ψ1(D)=D and ψ1 = ψ on
Fix(f ). Consider ψ1 as a homeomorphism of D, and let g′ =ψ−11 ◦ g ◦ψ1 :D→D. Then
g′ has the same fixed point set as f . Define an isotopy g′t :D→R2 as the product of three
isotopies λ1t , λ2t , λ3t :D→R2, where
λ1t =ψt , λ2t = gt ◦ψ1, λ3t =ψ1−t ◦ψ−11 ◦ g ◦ψ1.
Then g′0 = ι, g′1 = ι ◦ g′.
We shall show that the geometric braids gb(Fix(f ); {ft}) and gb(Fix(g′); {g′t}) based
at the same set Fix(f ) are isotopic. Let ξ : [0,1] → Fn be the path in Fn defined by
ξ(λ) = (x1(λ), . . . , xn(λ)). Let ηλ : [0,1] → Fn be a loop based at ξ(λ) corresponding
to Gλ. Then this gives a free homotopy of loops in Fn. It is easy to see that the loop η0(t) is
homotopic, relative to the base point ξ(0), to the loop defined as the product of three paths
ηt (0), η1(t), η1−t (1). Since η0(t) = f¯t (ξ(0)), ηt (0)= ηt (1)= ξ(t), η1(t)= g¯t (ξ(1)), this
implies that the loop f¯t (ξ(0)) is homotopic, relative to the base point ξ(0), to the product
of paths ξ(t), g¯t (ξ(1)), ξ(t)−1, which is easily seen to coincide with g¯′t (ξ(0)). Therefore
gb(Fix(f ); {ft }) is isotopic to gb(Fix(g′); {g′t }).
Let φ :M → M be a canonical form corresponding to f . Then, since the geometric
braids of Fix(f ) and Fix(g′) have been shown to be isotopic, φ is also a canonical form
corresponding to g′. Therefore, if we let ΦE be the set defined in the proof of Theorem 1,
then we have that ind(E,f ) = ind(ΦE,φ) + :E = ind(E,g′). Since ind(x, g′) =
ind(ψ1(x), g), we have ind(E,g′) = ind(ψ1(E), g). Therefore, since ψ1(Ei) = ψ(Ei) =
E′i , we have that ind(Ei, f )= ind(E′i , g). ✷
Proof of Proposition 3. Let E = {x0}, NE the component of φ containing γx0 , and m
the number of inner boundary circles of NE . Let C and C′ be isolating closed curves for
S − {x0} and S, respectively. Let N be the sub-surface of M which is bounded by C,C′.
Since N has only two inner boundary circles C and γx0 , φ is not pseudo-Anosov on N
and so is the identity on N . Therefore, NE is an id-component. Hence by (1), (2), we have
ind(x0, f ) 1−m+ :E  0. ✷
9. Proof of Theorem 4
Suppose φ :M →M is a pseudo-Anosov homeomorphism on a punctured disk M . For
a subset A of M , let sA be the number of singularities of F s in A. Moreover, let s+A
(respectively s−A ) be the number of singularities of F s in A fixed by φ (respectively not
fixed by φ). Let ∂IM be the union of inner boundary circles of M , and ∂OM the outer
boundary circle of M . Let sI = s∂IM , sO = s∂OM , and seI = se∂IM , seO = se∂OM for e=+,−.
Lemma 5. Let φ :M → M be a pseudo-Anosov homeomorphism on a punctured disk.
Suppose that φ maps each boundary circle of M to itself, and that it has no fixed points on
the interior of M . Let b+ (respectively b−) be the number of inner boundary circles of M
on which φ has a fixed point (respectively no fixed points). Then b+ − b−  1+ s−O .
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Proof. For an interior singularity x of F s , let px be the number of prongs at x . Since
each singularity on a boundary circle is 3-pronged, we have by the Euler–Poincaré formula
(see [7]) that
2χ(M)=−sI − sO +
∑
x∈Sint
(2−px)−s+I − s−I − s+O − s−O,
where Sint is the set of interior singularities. On the other hand, since φ induces the identity
on the homology group, we have ind(Fix(φ))= χ(M). Therefore, since there are no fixed
points on IntM , we have that
χ(M)=−s+I − s+O.
Combining these, we have s−I  s
+
I + s+O − s−O . Note that any boundary circle containing
no fixed points must have at least two singularities of F s . Therefore, s−I  2b−. Moreover,
since χ(M)= 1− b+ − b−, we have s+I + s+O = b+ + b− − 1. Hence 2b−  (b+ + b− −
1)− s−O , and the lemma holds. ✷
Lemma 6. Let φ :M →M be a canonical homeomorphism with at least two components.
Assume that φ maps each boundary circle of M to itself and has no fixed points on the
interior of any pseudo-Anosov component. Let ν be the number of id-components of φ.
Let b+ (respectively b−) be the number of inner boundary circles which are contained in
pseudo-Anosov components and on which φ has a fixed point (respectively no fixed points).
Let α = 0 if the outer boundary circle ∂D ofM is contained in a pseudo-Anosov component
and φ has a fixed point on ∂D, and α = 1 otherwise. Then, ν + b+ − b−  1+ α.
Proof. We shall prove this lemma on the induction of the number m  2 of components
of φ. Let M1 be one of the innermost components. Let γ be the outer boundary circle
ofM1, andM2 the complement ofM1∪A, whereA is the reducing annulus adjacent to M1.
For i = 1,2, let φi be the restriction of φ to Mi , and νi the number of id-components of φi ,
and b+i (respectively b−i ) the number of inner boundary circles of Mi which are contained
in pseudo-Anosov components and on which φ has a fixed point (respectively no fixed
points). Let δi = b+i − b−i . It is clear that φi has no fixed points on the interior of any
pseudo-Anosov component.
We see that ν1 = 1, δ1 = 0 if M1 is an id-component, and by Lemma 5, we have that
ν1 = 0, δ1  1 if M1 is a pseudo-Anosov component. Therefore, in either case, we have
ν1 + δ1  1. (4)
If φ has no pseudo-Anosov components contained in M2, then
b+ − b− = δ1, (5)
since all the inner boundary circles of M1 are inner boundary circles of M .
Suppose that there is a pseudo-Anosov component contained in M2. Let γ0 be the
boundary circle of M2 adjacent to A. If γ0 is not contained in a pseudo-Anosov component,
then be = be1 + be2, where e = +,−. Also, if γ0 is contained in a pseudo-Anosov
component, then(
b+, b−




b+1 + b+2 , b−1 + b−2 − 1
)
.
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Therefore, in either case,
b+ − b−  δ1 + δ2 − 1. (6)
Assume m = 2. Then M2 is also a component. Consider the case where M2 is an
id-component. Then ν = ν1 + 1. Therefore, by (4), (5), ν + b+ − b− = ν1 + 1+ δ1  2 =
1+ α. Consider the case where M2 is a pseudo-Anosov component. We have by Lemma 5
that δ2  1+ s−∂D  1+α. Therefore, by (4), (6), ν+ b+− b−  ν1 + δ1 + δ2 − 1 1+α.
Thus, the lemma is proved in the case of m= 2.
Assume that m 2 and the lemma holds if φ has m components. Assume φ has m+ 1
components. Since there are m components in M2, by the induction hypothesis, we have
that ν2+δ2  1+α. Therefore, since by (5), (6), b+−b−  δ1+δ2−1, it follows from (4)
and the equality ν = ν1 + ν2 that
ν + b+ − b− = (ν1 + δ1)+ (ν2 + δ2)− 1 1+ α
and the proof is completed. ✷
Now we shall prove Theorem 4. Let φ be a canonical form corresponding to f . By
assumptions of the theorem, it has at least two components and maps each boundary circle
to itself. Also, it has no fixed points on the interior of any pseudo-Anosov component. This
is because if there were such a point y , then some fixed point x of F is H -related to y , and
by Lemma 3(2), y must be contained in some boundary circle γ . This is a contradiction.
Thus we have verified that φ satisfies the assumptions of Lemma 6, and the inequality
ν + b+ − b−  1+ α holds.
Let E be the set of equivalence classes of Fix(f ). Let E be an equivalence class and
NE a component of φ containing π−1(E). Note that in the case where NE is a pseudo-
Anosov component, Lemma 2 implies that E consists of a single point and so π−1(E) is
equal to an inner boundary circle of M . Therefore, E is decomposed into a disjoint union
E = E0 ∪ E+ ∪ E−, where an equivalence class E is in E0 if NE is an id-component, and
E is in E+ (respectively E−) if NE is a pseudo-Anosov component and φ has a fixed point
(respectively no fixed points) on the boundary circle π−1(E). Let εe = :Ee for e= 0,+,−.
We shall show that
εu  ε0 + ε+. (7)
First, suppose that E ∈ E0. If E has at least two points, then by Theorem 3, E has an
unstable fixed point. If E has only one point, then it is easy to see that this point satisfies
the hypothesis of Proposition 3, and hence is unstable. Therefore, each element of E0 must
have an unstable fixed point. Secondly, suppose E ∈ E+. Then E = {x0} for some point x0.
Then by (1) and (3), ind(x0, f ) < 1 and hence x0 is unstable. Thus every element of E+
consists of an unstable fixed point. Thus we have proved that εu  ε0 + ε+.
We claim that ε0 = ν. For the proof, it is enough to show that any id-component N of
φ has a boundary circle contained in π−1(Fix(f )). Let ΦN denote the φ-Nielsen class
containing N . Then since ΦN is essential, there exists a fixed point x of F which is
H -related to ΦN . Then Lemma 3(2) implies that ΦN has non-empty intersection with
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an inner boundary circle γ of M . This implies γ ⊂N , since if not, γ must be a boundary
circle of a pseudo-Anosov component adjacent to N , which is impossible. Thus the claim
is proved.
Note that εe = be for e =+,−. Also, we have α = 1. In fact, since F has fixed points
only on π−1(V ), by Lemma 3(2) every fixed point of φ is φ-related to π−1(Fix(f )).
Therefore, if ∂D is contained in a pseudo-Anosov component, then φ cannot have a fixed
point on ∂D, and hence α = 1. Hence, ε0+ε+−ε− = ν+b+−b−  1+α = 2. Therefore,
by (7)
ε+ 2 (ε0 + ε+ + ε−)+ (ε0 + ε+ − ε−) 2εu.
Thus the proof is completed.
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